A decoupled scheme based on the Hermite expansion to construct lattice Boltzmann models for the compressible Navier-Stokes equations with arbitrary specific heat ratio is proposed. The local equilibrium distribution function including the rotational velocity of particle is decoupled into two parts, i.e. the local equilibrium distribution function of the translational velocity of particle and that of the rotational velocity of particle. From these two local equilibrium functions, two lattice Boltzmann models are derived via the Hermite expansion, namely one is in relation to the translational velocity and the other is connected with the rotational velocity. Accordingly, the distribution function is also decoupled. After this, the evolution equation is decoupled into the evolution equation of the translational velocity and that of the rotational velocity. The two evolution equations evolve separately. The lattice Boltzmann models used in the scheme proposed by this work are constructed via the Hermite expansion, so it is easy to construct new schemes of higher-order accuracy. To validate the proposed scheme, a one dimensional shock tube simulation is performed. The numerical results agree with the analytical solutions very well.
I. INTRODUCTION
The lattice Boltzmann method(LBM) has been successfully applied to isothermal fluids [1, 2] . However, when it is applied to thermal fluids, the LBM encounters some difficulties. One of them is that the specific heat ratio γ in the macroscopic equations derived from the Bhatnager-Gross-Krook(BGK) equation via the Chapman-Enskog expansion is fixed, in other words, the specific heat ratio γ is not realistic. Several lattice Boltzmann(LB) schemes with flexible specific heat ratio have been proposed [3] [4] [5] [6] . These LB schemes are derived in a similar way. The discrete velocities and the local equilibrium distribution function are determined by a set of constraints which makes sure the macroscopic equations match the thermohydrodynamic equations with certain accuracy. Since 2006, a new way to construct LB models has been developed [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Contrary to the previous way, the new way derives the discrete velocities and the equilibrium distribution function via the Hermite quadrature and the Hermite expansion. The LB models constructed by the new way are more stable than the LB models constructed by the previous way and it is easy to construct LB models of higher order. In this work, we apply the new way to constructing LB schemes for the compressible Navier-Stokes equations with flexible specific heat ratio. The local equilibrium distribution function including the rotational velocity of particle is decoupled into two parts -one is in relation to the translational velocity and the other is connected with the rotational velocity. The distribution function is also decoupled into two parts accordingly. Two LB models are derived via the Hermite expansion. One is for the distribution function of the translational velocity and the other is for that of the rotational velocity. After this, we decouple the evolution equation into the evolution equation of the translational velocity and that of the rotational velocity. The two evolution equations evolve separately. The decoupled scheme given above is validated by a shock tube simulation. The results of simulation agree with the analytical solutions very well.
II. DECOUPLING THE LOCAL EQUILIBRIUM DISTRIBUTION FUNCTION INCLUDING THE ROTATIONAL VELOCITY OF PARTICLE
We begin with the local equilibrium distribution function. The origin that the specific heat ratio is fixed is that gases are supposed to be monatomic, so there is only the translational free degree and the rotational free degree is limited. To describe diatomic gases or polyatomic gases, the rotational velocity of particle should be introduced. The local equilibrium distribution function including the rotational velocity of particle is [5, 17] 
where ρ is the density, T is the absolute temperature, u is the macroscopic velocity, ξ is the translational velocity of particle, η is the rotational velocity of particle, n is the free degree of the rotational velocity of particle, D is the dimension and R g is the universal gas constant. The dimensionless local equilibrium distribution function is
Omitting the tildes on ρ, ξ, η, u, θ(T ), we simplify Formula (2)
(3) The dimensionless local equilibrium distribution function can be decoupled into the local equilibrium distribution function of ξ and that of η
where
Taking the moment integrals of f eq (ξ), we obtain
where e t = D 2 T is the translational internal energy.
Taking the moment integrals of f eq (η), we get
where e r = n 2 T = n D e t is the rotational internal energy.
Taking the moment integrals of the local equilibrium distribution functionf eq (ξ, η), we obtain
where E = D + n 2 T = D + n D e t is the internal energy. It is the sum of the translational energy e t and the rotational energy e r .
According to the kinetic theory, we get
Now we assume the translational velocity of particle ξ is independent of the rotational velocity of particle, so the distribution function f (ξ, η) can be decoupled into g(ξ) and h(η)
where we define
Section(III) and Appendix will discuss the reasonableness of this assumption. It should be noticed that b(ξ, η) is a joint probability distribution, b 1 (ξ) and h(η) are marginal probability distributions, g(ξ) is the product of ρ and a marginal probability distribution.
According to Formula(8) and (10) , the moments of the distribution function g(ξ) are
Similar to Formula(11), the moments of the distribution function h(η) are
III. DECOUPLING THE EVOLUTION EQUATION
We have decoupled the equilibrium distribution function f eq (ξ, η) and the distribution function f (ξ, η) in Section II
After decoupling f eq (ξ, η) and f (ξ, η), we can decouple the evolution equation of f (ξ, η). The evolution equation of f (ξ, η) can be expressed as
where τ is the relaxation time.
Integrating Formula(13) on η, and substituting Formula(10b) into it, we obtain the evolution equation of g(ξ)
Substituting Formula(4) and Formula(9) into Formula(13), we obtain
(15) Expanding Formula(15) and simplifying it, we obtain
Substituting Formula (14) into (16), integrating on ξ and simplifying it, we obtain the evolution equation of h(η)
Discretizing the evolution equation of g(ξ) and h(η) in the discrete velocity space, we obtain the discrete evolution equations of g i and h j
Where g i and h j are the discrete form of g(ξ) and h(η). Formula(18a) is the evolution equation of the discrete translational velocity ξ i and formula(18b) is the evolution equation of the discrete rotational velocity η j . It should be noticed Formula(18a) is independent of η j and formula(18b) is indirect connected to Formula(18a) via the macroscopic velocity u. From the two evolution equations of g i and h j i.e. Formula(18a) and (18b), the Navier-Stokes equations with flexible specific heat ratio via the Chapman-Enskog expansion can be derived,
heat conductivity, and the specific heat ratio γ is defined as
The derivation shows that it is reasonable to assume the distribution function f (ξ, η) can be decoupled into g(ξ) and h(η).
The appendix will give the derivation in details.
IV. LB MODELS FOR THE TRANSLATIONAL VELOCITY AND THE ROTATIONAL VELOCITY
In this section, we derive LB models from g eq (ξ) and h eq (η) respectively via the Hermite expansion. The process of deriving LB models via the Hermite expansion has been discussed intensively by X.Shan [9, 18] , C.Philippi [7, 8, 10] and JW.Shim [11, 12] . In this work, we only discuss two-dimensional fluids. The case of three dimension is similar. Employing the Hermite expansion, we construct a two-dimensional LB model of fourth-order accuracy, i.e. D2Q37, from g eq (ξ). The discrete particle velocities ξ i and the weights ω i of D2Q37 are showed in Table(I) . The discrete equilibrium distribution function g eq i (ξ) of D2Q37 is
and D = 2. 
P erm(2r, r) 9.40079914e−3 4 P erm(3r, 0) 6.95051049e−4 4 P erm(3r, r) 3.04298494e−5 4 P erm(3r, 3r) 2.81093762e−5
It should be noticed that the LB model given above is different from the LB model given by [7] .
In a similar way, a one-dimensional LB model of fourthorder accuarcy can be derived from h eq (η). Here, we adopt the D1Q7 model proposed by JW.Shim [12] .The discrete velocities η j and the weights ω j are shown in Table(II) . The discrete equilibrium distribution function 
and D = 1. D2Q37 and D1Q7 are both models of fourth-order accuracy, so the scheme given above is of fourth-order accuracy. In this way, the higher-order of accuracy can be achieved easily.
We can also construct or adopt other LB models. But it should be noticed that the scaling factors r of LB models derived form g eq (ξ) and h eq (η) should be equal or else interpolation is necessary.
V. CALCULATION PROCEDURE
In this section, we first discretize the evolution equations of g(ξ) and h(η) in time and space, then we give the computational algorithm.
A. Discretized the evolution equation in space and time
Now we discretize the discrete evolution equations of ξ i and η j in time and space. The first order difference is employed for the time discretization and the convection term is performed by the third order upwind scheme. The discretized form of Formula(18a) is
where ∆t is the time increment, and the convection term along the coordinate x is
and ∆x is the space increment. The convection term along the y coordinate is similar. In a similar way, the discretized form of the discrete evolution equation of η j , i.e. Formula(18b), is
where the convection term is similar with that of Formula(18a)
The convection term along the y coordinate is similar.
B. Computational algorithm
The computational algorithm is as fellow :
(1) Update g i by Formula(23); (2) Update h j by Formula(24); (3) Calculate the density ρ, the macroscopic velocity u and the translational internal energy e t
where the translational internal energy e t is
The pressure is defined as P = 2 D ρe t ; (4) Calculate the rotational internal energy e r
and combine Formula(27) with(25c), then we obtain
As defined above, the internal energy E is the sum of the translational internal energy e t and the rotational internal energy e r E = e t + e r = D + n D e t .
Substituting Formula(29) into (28) we obtain the internal energy E
Substituting Formula(26) and (29) into (30) we obtain the absolute temperature T
(5) Implement the boundary conditions.
VI. NUMERICAL VALIDATION
In this section, we apply the decoupled scheme given above to simulating a shock tube. The grid is X × Y = 1000 × 16. The initial condition of the left tube is ρ = 4, T = 1, u = 0 and that of the right tube is ρ = 1, T = 1, u = 0. The specific heat ratio is γ = 1.4, the rotational free degree is n = 3 and the relaxation time is τ = 2/3. All of these macroscopic variables are dimensionless. The periodic boundary condition is employed for the up and down boundaries and the open boundary condition is employed for the left and right boundaries. Fig(1) gives the results of simulation employing the decoupled scheme given above at step = 180, i.e. time t = step X × r = 180 1000 × 1.1969797752 = 0.1504.
The analytical solutions [19] at the same time are also given. The black lines show the simulation results and the gray lines show the analytical resolutions. It can be seen from Fig(1) that the simulation results agree with the analytical resolutions very well. Tab(VI) gives the relative error of density ρ, pressure p, absolute temperature T and the velocity u. The relative error is defined as
where x nume is the numerical solutions, x anal is the analytical solutions and i = X + 1. Tab(VI) shows that the maximum of relative error is 2.42%. This relative error is acceptable. 
VII. CONCLUSION
This work proposes a way based on the Hermite expansion to construct LB schemes for the compressible Navier-Stokes equations with arbitrary specific heat ratio. The equilibrium distribution function f eq (ξ, η), the distribution function f (ξ, η) and the evolution function are decoupled into two parts, namely one is in relation to the translational velocity ξ and the other is connected with the rotational velocity η. The two evolution equations evolve separately. The translational velocity ξ is discretized in a two-or three-dimensional LB model and the rotational velocity η is discretized in another onedimensional LB model. The Hermite expansion is applied to deriving these two LB models. The correct flexible specific heat ratio is obtained and correct relation between the temperature T and the internal energy E is derived via the Chapman-Enskog expansion. The decoupled scheme is validated by a shock tube simulation. The simulation results agree with the analytical resolutions very well.
The LB models used in the decoupled scheme is same as the ones used in the schemes with fixed specific heat ratio. It is not necessary for the decoupled scheme to construct new LB models specially. The models with fixed specific heat ratio can applied to the decoupled scheme without any recommendation. This is different from the existing schemes which construct new models in order to adjust the specific heat ratio.
The decoupled scheme proposed by this work can make use of the models constructed via the Hermite expansion, so the process of constructing new schemes is simple and higher-order accuracy can be achieved easily. For the same reason, the decoupled scheme is more stable than the schemes constructed by the early way, which derives LB models via a try-error method.
Appendix: Derivation of the Navier-Stokes equations from the evolution equations of g(ξ) and h(η) via the Chapman-Enskog expansion
In this appendix, we derive the Navier-Stokes equations with flexible specific heat ratio from the evolution equations of g(ξ) and h(η) via the Chapman-Enskog expansion.
Expanding the distribution functions g i and h j , the derivatives of the time t and the space in terms of the Kundsen number ǫ we obtain
Substituting Formula(A.1c) into the evolution equation of the translational velocity, i.e. Formula(18a) and comparing the order of ǫ we obtain
Considering the discrete form of Formula(11) in the discrete velocity space
(A.4) Substituting Formula(A.1d) into the evolution equation of the rotational velocity,i.e.Formula(18b) and comparing the order of ǫ we obtain
Considering the discrete form of Formula(12) in the discrete velocity space
we obtain
Some velocity moments of g i and h j will be used in the derivation of the Navier-Stokes equations and we list them as fellow
where P uδ = P (u r δ st + u s δ tr + u t δ rs ). Here, the Grad notes is used [20] . Two velocity moments of h j will be used in the following parts
(A.9b)
Derivation of the continuity equation
Taking the zeroth order moment of Formula(A.2b), we obtain
Substituting Formula(A.4) and (A.8) into (A.10), the continuity equation of the first order is obtained
Taking the zeroth order moment of Formula(A.2c), we obtain
Substituting Formula(A.4) and (A.8) into (A.12), then summing on i we obtain the continuity equation of the second order
Making use of Formula(A.1b) and combining the continuity equation of the first and second order, i.e. Formula(A.11) and (A.13), the continuity equation is obtained
2. Derivation of the momentum conservation equation
Taking the first order moment of Formula(A.2b)
and inserting Formula(A.4) and (A.8), we get the conservation momentum equation of the first order
Taking the first order moment of Formula(A.2c)
i ξ i = 0, (A.17) substituting Formula(A.2b) into (A.17) and simplifying, we obtain
Inserting the moments of g i i.e. Formula(A.8), into Formula(A.18) we obtain 
Substituting the moments of ξ i i.e. Formula(A.8), into Formula(A.20), we obtain the translational internal energy conversation equation of the first order
Multiplying 1 2 η 2 to Formula(A.5b), summing on j and inserting the moments of h j ,i.e. Formula(A.9), we obtain the rotational internal energy conversation equation of the first order in nonconservation form
Multiplying ρ to Formula(A.22) and multiplying e r to Formula(A.11), then adding up we obtain
Simplifying Formula(A.23) we obtain the rotational internal conversation energy equation of the first order in conservation form
Combining the translational internal energy conversation equation of the first order Formula(A.21) and the rotational internal energy conversation equation of the first order formula(A.24), we obtain the energy conversation equation of the first order
(A.26) Expanding Formula(A.26), substituting (A.11) and (A.16) into it, after some algebra, we obtain
Substituting Formula(A.27) into (A.19), after some algebra, we obtain the momentum conversation equation of the second order
(A.28) Combining the momentum equation of the first order and second order, we obtain the moment conversation equation
where µ = 2 D ρe t τ is the dynamic viscosity coefficient.
Derivation of the energy conversation equation
We have obtained the energy conversation equation of the first order, i.e. Formula(A.25),
Now, we derive the energy conversation equation of the second order. Multiplying 1 2 ξ 2 i to Formula(A.2c), substituting (A.2b) into it, and summing on i, we obtain
Substituting the moments of g i into Formula(A.30), we obtain The specific heat ratio γ can be adjusted by changing the free degree of the rotational velocity n.
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